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Abstract. Weyl denominator identity for the affinization of a basic Lie superalgebra 
with non-zero Killing form was formulated by V. Kac and M. Wakimoto and was proven 
by them for the defect one case. In this paper we prove this identity. 



0. Introduction 

Let g be a basic Lie superalgebra with a non-zero Killing form. Let g be the affinization 
of g. Let f) (resp., fj) be the Cartan subalgebra in g (resp., in g) and let (— , — ) be the 
bilinear form on f)* which is induced by the Killing form on g. Let A (resp., A) be the 
root system of g (resp., of g). We set 

A* := {a G Ag| (a, a) > 0}. 

Then A* is a root system of a simple Lie algebra. Let A* be the affinization of A*. 
Denote by W# (resp., W#) the subgroup of GL{§) generated by the reflections s a : a G 
Aq, (a, a) > (resp., s a : a G A # ). Then W* is the Weyl group of A # and W# is 
the corresponding affine Weyl group. Recall that W 7 * = W# k T, where T C W# is 
the translation group, see |K2j . Chapter 6. Let II be a set of simple roots for g, and 
let II = II U {cto} be the corresponding set of simple roots for g. Let A + , A + be the 
corresponding sets of positive roots. We set 

R i= n agA+ , (i-e-") k ^ n a6 A +i0 a - e~ a ) 



Following [KW] , we call R the Weyl denominator and R the affine Weyl denominator. 
The Weyl denominator identity conjectured by V. Kac and M. Wakimoto in [KW] can be 
written as 

R e p = ^2w(ReP), 

where p G I}* is such that 2(p,a) = (a, a) for each a G II. The original form of this 
identity is given in formula $2fj. In this paper we prove this identity. 
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In the paper [Gj we proved the analog of Weyl denominator identity for finite-dimensional 
Lie superalgebras (also formulated and partially proven by Kac-Wakimoto). The proof of 
the present result makes use of this version of Weyl denominator identity. 

Acknowledgments. I am very grateful to V. Kac and A. Joseph for useful comments. 

1. Kac-Moody superalgebras 

The notions of a Kac-Moody superalgebras and its Weyl group were introduced in [S]. 
We recall some definitions below and then prove Lemmas 11.3. 2111.5.11 In the sequel, we 
will apply these lemma to the case of afline Lie superalgebras; in this case the lemmas 
can be also verified using the explicit description of root systems. 

1.1. Construction of Kac-Moody superalgebras. Let A = (a^) be an n x n-matrix 
over C and let r be a subset of I :— {1, . . . , n}. Let g = q(A, t) = n © f) © n + be the 
associated Lie superalgebra constructed as in [KlJ,[K2j. Recall that, in order to construct 
q(A, r), one considers a realization of A, i.e. a triple (f), II, II V ), where f) is a vector space 
of dimension n + corankA, IT C 1)* (resp. II V C fj) is a linearly independent set of vectors 
{ai}i<zi (resp. {c^ 7 }^/), such that (a», aj) = a^, and constructs a Lie superalgebra q(A, t) 
on generators /j, f), subject to relations: 

[fj, J)] = 0, [h, ei]_= (oii, h)d, [h, /J = -(a*, /i)/<, for i G I, h G f), [e i5 /,] = 
P(e<) = P(fi) = 1 if i e r, pfe) = p(/j) = if i g r, p(fj) = 0. 

Then g(A,r) = g(A, r)/J = n_ © f) © n + , where J is the maximal ideal of g(A,r), 
intersecting f) trivially, and n + (resp. n_) is the subalgebra generated by the images of 
the ej's (resp. /j's). We obtain the triangular decomposition g(A) = n_ © t) © n. 

Let A be the set of roots of g(A), i.e. A = {a G fj*|a 7^ & g a 7^ 0}, A + = {a G 
f)*|n Q 7^ 0}, A_ = {a G (f|n_ iQ 7^ 0}. One has A = A + jjA_, A_ = -A+. 

We say that a simple root aj is even (resp., odd) if i ^ r (resp., i G r) and that Oij is 
isotropicif an = 0. One readily sees that if i G r (i.e., ej, /j are odd), then [e,, e^, [/j, fi\ G J 
iff = 0. Therefore for a simple root a one has 2a G A iff a is a non-isotropic and odd. 

Note that, multiplying the i-th row of the matrix A by a non-zero number corresponds 
to multiplying and a:^ by this number, thus giving an isomorphic Lie superalgebra. 
Hence we may assume from now on that an = 2 or for all % G J. 

1.1.1. We consider the case when the Cartan matrix A = (a^) is such that 

(1) an G {0, 2} for alii G / and a»j = forces aji = 0; 

(2) if i ^ t, then an = 2 and a^ G Z<o for j 7^ i\ 

(3) if z G r and = 2, then a^- G 2Z< for j 7^ i. 

In this case ade^, ad/, act locally nilpotently for each i G /. 
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1.2. Weyl group. Recall a notion of odd reflections, see [Sj. Let IT be a set of simple 
roots and A + be the corresponding set of positive roots. Fix a simple regular isotropic 
root (3 G II and set Sp(jX) := {sp(a) \ a G II}, where 

sp(a) = —a, sp(a v ) = a y if a = (3, 

sp{oc) = a, sp(a y ) = a y if a a(i = 0, o ^ (3, 

for a G 11 sp(a) = a + (3, s /3 (a v ) = a a p(3 w + ap a a w a a/ 3 7^ 0, a aQ + 2a a/3 = 0, 

8/3(0) =a + P, s^(a v ) = a a/3 , a aQ + 2a Q/3 ^ 0. 

One has (a, a v ) G {0, 2} for each a G ^(II). 

By [S], Sect. 3, ^^(n) is a set of simple roots for A and the corresponding set of 
positive roots is s i g(A + ) := A + \ {/?} U {— The Cartan matrix corresponding to sg(II) 

is ((a v ,a / )) Qja / 6S/3 (n). 

1.2.1. We assume that q{A) is such that /or any chain of odd reflections, the corre- 
sponding Cartan matrix satisfies the conditions (l)-(3) of \l.l.l\ By [S] Section 6, the 
finite-dimensional Kac-Moody superalgebras and their aflinizations satisfy this assump- 
tion; other examples and classification are given in [Sj,[HSJ. 

1.2.2. Let be the collection of all possible sets of simple roots obtained from II by 
finite sequences of odd reflections. 

1.2.3. Definition. An even root a G A is called principal if a G II' or |a G II' for 
some II' G O. 

1.2.4. For each principal root a we fix a y as follows: we choose II' G such that a G IT 
or |a G IT; in first case, we take a v G (IT) V and in the second case we take a v := (^a) v /2, 
where (|a) v G (IT) V . Thanks to the assumption OAl ((3, a v ) G Z for each (3 G IT. Thus 
for each principal root a one has (A, a v ) C Z. 

The matrix A is called symmetrizable if for some invertible diagonal matrix D the 
product DA is a symmetric matrix. If A is symmetrizable, then g(A) admits a non- 
degenerate invariant bilinear form and the restriction of this form induces a non-degenerate 
bilinear form (— , — ) on f)*. In this case, for each principal root a the coroot ct v is given 
by the formula (fi, a v ) = for any /i G f)*. 

1.2.5. Take II' G O. Recall that if a G II' is odd and is such that (a, a w ) 7^ 0, then 2oj 
is a root. Thus a G IT is principal iff (a, a v ) 7^ 0. 

Since the odd reflections do not change the set of even positive roots, all principal roots 
are positive. 

For a principal root a let s a G GL(f)*) be the reflection //!-»//—(//, a v )a. If a G IT, 
then s a (A+(n) \ {a}) = A + (IT) \ {a}. If a/2 G IT, then s a {A + {U) \ {a, a/2}) = A + (II) \ 
{a, a/2}. 
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1.2.6. Definition. The Weyl group W is the subgroup of GL(\f) generated by the 
reflections s a with respect to the principal roots. Clearly, dets a = —1 so detw = ±1 for 
each w G W. Denote by sgn : W — > {±1} the group homomorphism sgn(u>) := detw. 

One has WA = A. 

1.2.7. Remark. Let g be a finite-dimensional Kac-Moody superalgebra. By [5], g 
satisfies the assumption 11.2. 1[ Let A be the root system of g. In this case g is a 
reductive Lie algebra so Aq- is a root system of finite type. The set of principal roots in 
A is a set of simple roots in Aq (corresponding to the set of positive roots Aq R A + ). In 
particular, the Weyl group of g coincides with the Weyl group of Aq. 

Consider the case when g ^ gi(n,n). The affinization g of g is a Kac-Moody superal- 
gebra, satisfying the assumption 11.2.11 (see [5]). Let A be the root system of g. In this 
case Aq is a disjoint union of affine root systems (which are the affinizations of irreducible 
components of Aq) and the set of principal roots in A is a set of simple roots in Aq 
(corresponding to the set of positive roots Aq fl A+). In particular, the Weyl group of g 
coincides with the Weyl group of Aq, so it is the direct product of affine Weyl groups. 

1.2.8. In the sequel we will use the following lemma. 

Lemma. For any w G W the set R(w) := A + n u> _1 A_ is finite. 

Proof. Let a be a principal root, i.e. a G II' or |a G II' for some IT G O; let A' + be 
the corresponding set of the positive roots. By above, A' + fl s a A'_ C {a, \a}. Therefore 
A + n s a (AJ) C {a, \a} U (A+ \ A' + ). Since n' G 9, the set A+ \ A' + is finite. Hence 
R(s a ) is finite as well. 

Now let w = s a y, where y G W is such that R(y) is finite. One has 

R(w) C R(y) U { 7 G A+| yi G A+ n s Q (A_)} c R(y) U y- l R(s a ), 
so R(w) is finite. The claim follows. □ 

1.3. Set 

Q + = Z >o a > P:={\et)*\ (A, ct v ) G Z for all a G II s.t. (a, a v ) ^ 0}. 

Clearly, P is an additive subgroup of f)*. The conditions on the Cartan matrix in II. 1.11 
ensure that A C P; in particular, P — Q + C P. Introduce the standard partial order 
on P by \i < v if {y — \i) G Q + . Introduce the height function ht : Q + — > Z> by 

ht (Eaen m «") : = Eaen m «- 
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1.3.1. Choose p such that (p, a y ) = |(a,a v ) for each a G II. For each IT G O set 
Pit : = P + X^3eA + (n)\A + (ir) P- ^ ne readily sees that (pn>, a v ) = \{a, a v ) for each a G IT'. 
The assumption 11.2.11 ensures that (/3, a v ) G Z for each a G II' such that (a, a v ) ^ 0. 
We conclude that (p, a v ) G Z for each a G II' such that (a, a v ) 7^ and each II' G 0. In 
particular, Wp C (p + ^ qgA ^ a )- 

1.3.2. Lemma. Lei Il + be the set of principal roots satisfying (p,a v ) > and let W + 
be the subgroup ofW generated by the reflections {s a ,a G II + }. 

(i) One has p — wp G Q + for any w G W + . 

(ii) If w = s aii . . . s air is a reduced decomposition of ' w G W + , then 

H(p-wp)>\{j:(p,a t] )^0}\. 

(Hi) The stabilizer of p in W + is generated by the reflections {s a \ a G II + & (p, a) = 0}. 

Proof. By [S], Cor. 4.10, W is the Weyl group of a Kac- Moody algebra, whose set of 
simple roots coincides with the set of principal roots in A. Therefore W + is the Weyl 
group of a Kac-Moody algebra, whose set of simple roots coincides with Il + . For w G W + , 
let l(w) be the length of w. Write w = w's a , where l(w) > l(w') and a G Il + . By [J], 
A.l, the inequality l(w) > l(w') implies that w'a is a non-negative linear combination of 
elements of Il + , so w'a G A + . One has 

p — wp = p — w'p + (p, a) w'a. 

By 11.3. ll (p, a) G Z. Since a G Il + , one has (p,a) G Z> so (p,a)w'a G Q + and 
(p,a)w'a = iff (p,a) = 0. The assertions (i), (ii) follow by induction on the length of 
w; (iii) follows from (ii). □ 

1.4. The algebra 1Z. Call a Q + -cone a set of the form (A — Q + ), where A G h*. 

For a formal sum of the form Y := ^2 ueP b u e u , b v G Q define the support of Y by 
supp(y) := {u\ by 7^ 0}. Let 1Z be a vector space over Q, spanned by the sums of the 
form ^2 u€ q+ b u e x ~ u , where A G P, b v G Q. In other words, 1Z consists of the formal 
sums Y = J2ueP w ^ n the support lying in a finite union of Q + -cones. Note that for 
any non-zero Y G 1Z the support of Y has a maximal element (with respect to the order 
introduced in 11.31) . 

Clearly, 1Z has a structure of commutative algebra over Q. One has If Y G 1Z is such 
that YY' = 1 for some Y 1 G TZ, we write Y~ l := Y'. 

1.4.1. Action of the Weyl group. For w G W set w(^2, veP b v e u ) := *Yu V< z P b v e wv . One has 
wY G 72. iff if(suppF) is a subset of a finite union of Q + -cones. 

Let W be a subgroup of IT. Let 7Z W > := {T G 1Z\ wY G 72 for each w G IT'}. Clearly, 
TZ w is a subalgebra of TZ. 



6 



MARIA GORELIK 



1.4.2. Infinite products. An infinite product of the form Y = Ylaex (H~ o Ja e~ a ) r ^ a \ where 
a a G Q, r(a) G Z> and X C A is such that the set X \ A + is finite, can be naturally 
viewed as an element of 72.; clearly, this element does not depend on the order of factors. 
Let y be the set of such infinite products. For any w G W the infinite product 

W Y := + a a e- wa ) r W , 

is again an infinite product of the above form, since the set w A + \ A + = — (toA_ PI A+) 
is finite by Lemma [1.2.81 Hence ^ is a H^-invariant multiplicative subset of TZw- 

It is easy to see that the elements of y are invertible in 72: using the geometric series 
we can expand Y~ x (for example, for a G A + one has (1 — e a ) _1 = — e _a (l — e~ a )~ l = 



Eoo 
1=1 



00 IQ 



e 



1.4.3. T/ie subalgebra 72'. Denote by 72' the localization of TZw by 3^- By above, 72' is 
a subalgebra of TZ. Observe that TV (£ TZw- for example, (1 — e~ a ) G TZ', but (1 — 
e~ a )~ l = X]j=o e_ ' ?a ^ ^2^- We ex t en d the action of W from TZw to 7?/ by setting 
w(Y- 1 Y l ) := (wY)-\wY'). 

An infinite product of the form Y = Yiaexi^ + a a e~ a ) r( ' a \ where a a , X are as above 
and r(a) G Z lies in 72.' and = riaex(l + a ae~™) r ' a '- One has 

supp(F) C A' — Q + , where A' := — r a a. 

aeX\A+:a a ^0 

1.4.4. Let W be a subgroup of W. For K G 72' we say that Y is W -invariant (resp., 
W -skew-invariant) if wY = Y (resp., wY = sgn(w)Y) for each w G W . 

Let Y = a M eM e ^w' be Vr'-skew-invariant. Then a Wfl = (—l) sga ^a p for each /x 
and w G W. In particular, W 7 ' supp(F) = supp(F), and, moreover, for each /i G supp(F) 
one has Stably /i C {w G W 7 '] sgn(w) = 1}. The condition Y G 72-w is essential: 
for example, for W = {id, s a }, the expression Y := e a — e~ a is '-skew- invariant, so 
Y~ l = e~ a (l — e~ 2a )~ l is also ly'-skew-invariant, but supp(y^ 1 ) = —a, —3a, ... is not 
s a -invariant. 

Take Y = J^a^e^ G TZw> and set ^ weH // sga(w)wY =: ^6 M e M . One has = 
YlweW s S n ( w ) a w^ so bp = sga(w)b Wfl for each w G W. We conclude that 

sgn(w)wF G 
J2wew sgn(w)wF is PF'-skew-invariant; 
supp(^ U)gVK , sgn(w)iuY) is W-stable. 

1.5. For each II' G © (see 11.2.21) introduce the following elements of 72: 

^(n')o:= n (i-O, fl(n')i:= II (i + O, *( n ') : = fSr- 

a6A + (n')nAo aeA+(n')nA- ^ ^ 
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We set 

Rq:=R{U) , i2i := i2(II)i, R:=R(U). 
One readily sees from 11.3.11 that R(W)e Pl1 ' = Re p for any II' G 6. 

1.5.1. Lemma. Re p is a W -skew-invariant element oflZ'. 

Proof. By 11.4.21 R , R 1 G y so i?e p G 7^'. Let a be a principal root. If a G II', then 
s a {A' + \ {a}) = A' + \ {«}. If a/2 G n', then s a (A' + \ {a, a/2}) = A' + \ {a, a/2}. In both 
cases s a (R(W)e p n') = -R(W)e p ^' . By Ol i2(n')e p n' = .Re''. The claim follows. □ 



2. Proof of the denominator identity 



We retain notation of Sect. [DJ 

Fix triangular decomposition of the reductive Lie algebra go- By [5], any two sets of 
simple roots of g, which are compatible with a triangular decomposition of the reductive 
Lie algebra go, are connected by a chain of odd reflections. By II. 5[ both sides of the 
denominator identity Re p = J2 wGT w(Re p ) do not change if we substitute II by spH, 
where (3 is a simple odd root of g. Hence it is enough to prove the denominator identity 
for one choice of II; this is done in this section. 



2.1. Another form of denominator identity. Let us recall the denominator identity 
for g (see |KW] . [G] for a proof). 

Recall that S C Ay is called a maximal isotropic set of roots if S is a basis of a maximal 
isotropic subspace in h* with respect to the form (— , — ). By [KW], there exists a maximal 
isotropic set of roots S and each such S is a subset of a set of simple roots (for each S 
there exists II such that S C II). 

Fix a maximal isotropic set of roots S and a set of simple roots IT such that Sell, 
The denominator identity for g takes the following form: 

(!) ReP = E sgn( W W f ), 

where p G h* is such that 2(p, a) = (a, a) for each a G II. Note that p— pis W^-invariant. 
Using ([1]) we obtain 



EyeTV(R^) = J2 yeT y(e p - p Re p ) = E, £ t V E w ,w* sgn( W ) W ( Up J +e - n ) ) 

= E^ e r V {E w ew# sgn(w) w ( r^^V^ ) ) = E we w* w ( n^fc=?) ) • 
Hence the denominator identity for g can be rewritten as 

(2) E ^Wjof^))- 
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We set 

Y : = sgn(w)w 



2.2. Notation. We set 

A 2 = {a e Ag| (a, a) < 0}. 
Then Aq = A* ]J A 2 , and A*, A 2 are root systems of semisimple Lie algebras. 

Denote by 5 the minimal imaginary root in A. Let II be a set of simple roots for A + 
and 9 G A + be a maximal root. Recall that II = II U {5 — 9} is the set of simple roots for 
A + = U~ 1 {s5 + A}U A + . 

For g 7^ B(n, n), we fix a set of simple roots II for A such that 

(i) IT contains a maximal isotropic set of roots S; 

(ii) Va G II (a, a) > 0; 
(Hi) 9 e A # , 

see 13 .21 for a choice of II. For g = B(n, n) we choose IT as in !3.2t in this case the properties 
(i) and (ii) hold, but 9 is isotropic. Note that in all cases (6, 9) > 0. Combining with (ii), 
we get (p,P) = (fi,p)/2 > for all /3 G ft. Set Q + : = ^ Qgn Z> a. We obtain 

(p, Q + ) > 0, > for a G A*. 



2.3. Support of ReP. Set 

U:={fjtep- Q + \ (p,p) = (p,p)}. 

From representation theory we know that the character of the trivial g-module is a linear 
combination of the characters of Verma g- modules M(A), where A G — Q and (A + p, A + 
p) = (p, p) (since g admits the Casimir element). Therefore 1 = ^2\eu-p a\R~ 1 e x that is 

supple* 5 ) C E7. 

2.4. Support of Y. Expanding the summands of Y we obtain 

supp (tt — n i -u,m ) c W - Q + } n W + %w $)- 
LlpesK 1 - + e ) 

Since (p, S 1 ) = (S, S) = this implies 



(3) supp( rf ) C {p G wp-Q + | (p,p) = (p,p)}. 
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2.4.1. Lemma. (%) Y is a well- defined element oflZ (see l.J/\ for the notation); 

(ii) supp(F) C U ; 

(iii) for g 7^ B(n,n) the coefficient of e p in Y is equal to 1. 

Proof. By [5], the set of principal roots of A + is the set of simple roots of A + . By l2.2[ W# 
is a subgroup of the group W + introduced in Lemma [1.3.2[ By above, supp(^ (l+e-^) ) C 

wp — Q + . In the light of Lemma 11.3.21 for (i) it is enough to show that H r := {w G 
W#\ ht(p — wp) < r} is finite for each r. 

Let E be the set of simple roots of A*. Set E := {a G E| (p, a) = 0}. By Lemma [1.3.2l 
H = Stab l y # p is the subgroup of generated by the reflections {s a : a G E } and 
any w G H r is of the form WiS^w^ S/3 2 w 3 . . . Sp r w r+ i, where Wj G H and (3j G E \ E . 
This means that the finiteness of H implies the fmiteness of H r for r > and that H 
is the Weyl group of the Dynkin diagram corresponding to E . Hence for (i) it is enough 
to verify that the Dynkin diagram of So is of finite type. This can be shown as follows. 
Observe that E is an indecomposable Dynkin diagram of affine type. Since So C E, it 
is enough to verify that E 7^ S. Since (p, 5) = h y ^ 0, there exists (3 G II such that 
(p,(3) ^ that is (J3,P) ^0. By [pi {a, a) > for all a G ft, so {(3,(3) > 0. Hence /? or 
2(3 belongs to A # . Therefore (p, A # ) 7^ so E 7^ E. This establishes (i). 

Combining Q and Lemma [1.3.21 (i), we obtain supp(F) C U, thus (ii). 

Let us show that the coefficient of e p in Y is 1 for g 7^ B(n,n). Indeed, by above, 
p G supp(^ — s (™+ e - m /3) ) forces w G H . By 12.21 for 7^ B(n,n) one has 6> G A # so 

ao £ E \ E and thus H Q C Therefore the coefficient of e p in Y is equal to the 

coefficient of e p in the expression 

E sgn(wM= ^— — )=e^ ^ sgn( W ) W (- * ). 

w&w# ll/3esl i + e J wew# ll/3esl i + e J 

Using the denominator identity ([1]) we get ^«,eVK# sgn(w)w( ^ s f 1+e -$^ ) = -Re* 3 . Clearly, 
the coefficient of e p in .Re* 3 is equal to 1. This establishes (iii). □ 



2.4.2. Lemma. For g = B(n,n) the coefficient of e p in Y is equal to 1. 

Proof. Expanding the expression u>(n — ff, _*, ), we see that the coefficient of e p in Y is 
equal to the sum J2 weH sgn(w), where 

H := {w G H/ # | wp = p& w5c A+}. 
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Take w G H and write w = t^y, where y G and t M G T (see Sect. [0]for notation) is 
given by 

*„(A) = A + (A, 5)p - ((A, p) + ^(A, 5))5 for A G 6* ■ 

Retain notation of 13.21 One has S = {5i — £j}f = i and w(6i — e») = 5« — + (y _1 P; £i)5, 
because (/i, A 2 ) = 0, see 12.21 for notation. The condition wS C A + gives {y~ x p, £*) > 
for i = 1, . . . , n. On the other hand, 

wp = yp + h^p - ((p, y- l p) + ^h^S. 

Since p and p—yp lie in the Q-span of A # , the condition = p gives (p, y~ l p) + ^^-h w = 
0. One has (p, p) > since p lies in the Q-span of A*. Since h v > 0, we get 

1 n 

> (p,y~V) = (p,y^p) = {-22e h y~ l p). 

1=1 

Using the above inequalities (y~ 1 p,e,i) > 0, we conclude that = (p, y~ l p) = ^^-h y that 
is p = 0. Therefore w = y E . Now we can obtain the statement using the argument 
of the proof of Lemma [2.4.11 (iii), or, by observing that yp = p implies that y permutes 
{£i}" =1 and then yS C A + forces y = {id}. □ 

2.5. Assume that the denominator identity does not hold so Re? — Y ^ 0. 

The coefficient of in Re? is equal to 1. From Lemmas 12.4. 1[ 12.4.21 we get 
(4) supp(ReP-Y) C U\{p}. 

Let p* be the standard element for the root system A* = (A* n A + ) U(A# n A_). 
Set 

X := R x e^-' p {ReP -Y). 
By the above assumption 1^0. 

Bv O^l RotR^-p G K w , where W is the Weyl group of Q. By Lemma 11.5.11 
Re?, Rq€ p * are iy*-skew-invariant elements of TV . Therefore for each w G one has 

Roe?* * p * p w(RoeP*) R e^ 

Re p = sgn{w)w{Re H ) = sgn(wj 



R x eP*-p " w(RieP*-P) w{R 1 e^*- 

Thus R\eP*~ p is a W*-invariant element of IZw- Therefore 

R ie P*-PY= sgn(w)w( J R 1 e' 5# ^(l + e^)- 1 ) 

w€W# 

and so 

X = R e p * - sgn(w)wZ, where Z := e' 3 * j [ (1 + e~ p ). 

w£W# /3eA T+ \S 
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Since p # — p G supp(.Rie^ C p # — p — Q + , we obtain from (jl]) 

maxsupp(X) = p# — p + max supp (-Re' 3 — K) C p# — p + {U \ {p}), 

that is 

(5) maxsupp(X) C {p G p* - (Q + \ {0})| (p, - p* + p, p: - p* + p) = (p,p)}. 

2.5.1. Recall [J], A. 1.18, [KT] , that for any A G f|* the stabilizer Stab^ # A is either trivial 
or contains a reflection s a . Let us call A G P regular if Stab^ # A = {id}. Say that the 
orbit is regular if A is regular (so the orbit consists of regular points). 

By [TX21 Z G 7l w . One has J2 w ew# sgn(w)wZ = R^'^Y G 71, because Y G 
71. In the light of 11.4.41 J2 w &w# sgn(u>)wZ belongs to 7i ] y# and is lV # -skew- invariant. 
By Lemma H.5.H Roe?* G TZw is H^ # -skew-invariant. Hence X belongs to 7t^# and is 
iy # -skew-invariant. Using 11.4.41 we conlclude that supp(X) is a union of regular W#- 
orbits. 

2.5.2. Take v G maxsuppX. Then v is a maximal element in a regular jy#-orbit and, 
by©, uep#-(Q + \{0}). 

One has Q + C QA # + QM, where M = A 2 (see O for notation) if A is not of the type 
A(m,n),C(n), and, for the types A(m, n), C{n) one has M = A 2 U {£}, where £ G QA is 
such that (£,£) < 0, (£, Aq) = 0. The element £ is given in 13.21 

Write v = p# + v\ + z/ 2 , where i^i G QA* and z/ 2 G QM. Since W^v 2 = z/ 2 , the vector 
z/ — v 2 is also a maximal element in a regular W^-orbit. For each simple root a of A* 
one has 

(u - v 2 , a v ) = (v, a v ) G (p # , a v > - (Q+, a v ) C Z, 

since (p#, a v ) = 1 and (A, a y ) C Z, by 11.2.41 In the light of Lemma 13.1.11 v — v 2 = 
p* + v\ G p* — Q5 so z/i = — s5 for some s G Q. 

Substituting z^i = — s5 and using ([5]) we get 

(6) (p - s5 + z/ 2 ,p - s5 + v 2 ) = (p,p). 

By 12.21 (p, — s<5 + z/ 2 ) < 0, since — s5 + v 2 G — Q + - Therefore [y 2 , v 2 ) > 0. Recall that 
the form (— , — ) is negatively definite on A 2 and so is negatively definite on M. Thus 
{v 2) v 2 ) > gives v 2 = 0. Now the formula ([HD gives s = (because (p, S) = h y ^ 0). 
Hence v = p#, a contradiction. 

3. Appendix 



3.1. The following lemma is used in l2.5.2[ Let g be an affine Lie algebra, let n be its set 
of simple roots. Let W be the Weyl group of g. Define regular H^-orbits as in 12.5. 1L 
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3.1.1. Lemma. //AG Ylaeii ® a ^ s suc h that A + p is a maximal element in a regular 
W -orbit and (A, a v ) G Z for any a G II, then A G QS, where S is the minimal imaginary 
root. 

Proof. For each a G II set k a := (A, a v ). Since A + p is a maximal element in a regular 
VT-orbit one has s a (\ + p) = A + p — k a a ^ A + p, so k a & Z< . By the assumption, k a is 
an integer, so k a > 0. 

Write A = J2 a &n x a&, %a £ Q- Since (A, a v ) > for each a G II, we have Ax > 0, 
where A is the Cartan matrix of q and x = (x a ) ae u- From [K2j . Thm. 4.3 it follows that 
Saen x a a e as required. □ 

3.2. Basic Lie superalgebras. The basic Lie superalgebras with a non-zero Killing 
form, which are not Lie algebras, are A(m,n),m ^ n; B(m,n);C(n); D(m,n),m ^ n + 
1; F±; G3. Below for each of these root systems we give an example of n satisfying the 
conditions (i), (ii) of 12.21 In all cases A # lies in the lattice spanned by { £ .y™^( m > n ) anc [ 
A 2 lies in the lattice spanned by n . 

Retain notation of 12.21 In all cases except B(m,m) one has 6 G A* (the condition (hi) 
in 12.21) ; for B(m,m) one has (9,6) = 0. 

In all cases except A(m, n), C(n) one has QA = QAq; for A(m, n), C(n) one has QA = 
QAg + Q£, where £ is described below. 

3.2.1. Case A(m,n),m 7^ n. Since A(m,n) = A(n,m), we may assume that m > n. The 
roots are Aq = {e { - £j}i<»^j< m U {S { - <^}i<i^<n, A T = {±(si - Sj)}{^™. Set 

n := {£1 — Si, Si — E2, 82 — S2, ■ ■ ■ ,S n — e n+ \, e n+ \ — e n+ 2, ■ ■ ■ , E m -i ~ £m} 
and S := {e { - One has 6 = e x - e m G A # . We take f = - ^ J=1 J . One has 

(e, Ao) = 0. 

3.2.2. Case B(m,n),m < n. The roots are Ag = {±£« ± ±2e.j}i<j^j< n U {±<5j ± 
5,-; ±5i}i<i^-< m , A x = {±£i ± ±£i}i<i<^- We take 

n := {^i — o"i, o"i — £2 — ^2, • • • j £m ~ S m , S m — e m+ i, e m+ i — e m+ 2, ■ ■ ■ , £ n -\ ~ s n , e n } 

and S : = {e { - 5;}™ v One has 6 = 1e\ G A # . 

3.2.3. Case B(n,n). The roots are as above. We take 

II := {Si - Si, El — 62, ■ ■ ■ , S n - E n , E n } 

and S := {Si — £{}. One has 6 = S\+ E\. 
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3.2.4. Case B(m,n),m > n + 1. The roots are Aq = {±£j ± Ef, ±£i}i<ijij< m U {±5j ± 
Sj] ±28 i }i< i ^ j < n , A T = {±€i ± 5j; ±£;}J|]|™. We take for m = n + 2 

n := {^i — 62, 62 — #i — £3, • • • , S n — 6 n+ 2, 6 n+ 2}, 

and for m > n + 2 

n := {£1 — £2) ^2 — ^1) 0~1 — 63, . . . , S n — 6 n+ 2, 6 n+ 2 — 6 n+ 3, . . . , £ m _i — 6 m , 6 rn \. 

Then S := fa - Si}f =1 lies in IT. One has 6 = 6 l + 6 2 e A*. 

3.2.5. Case C(m). The roots are Aq = {±£j ± £,■; ±2£j} 1 < i ^ : ,< m , A T = {±£j ± Oi}i<j< m 
Set 

n := {61 — £2, £2 — 63, . . . , 6 m -\ — 6 m , e m — Si, e m + Si}. 
One has 9 = 2ei G A*. Observe that A 2 = 0. We take f := ^. 

3.2.6. Case D{m,n),n > m. The roots are Aq = {±£j ± £,; ±2£j}i<j^< n U {±5i ± 
^}i<^<m, A T = {±6i ± We take 

IT := {£1 — Si, Si — 62, 62 — S2, ■ ■ ■ , 5 m — 6 m , 6 m — 6 m+ i, . . . , 6 n -i — 6 n , 26 n } 

and S := fa - Si}™ v One has 9 = 26\ G A*. 

3.2.7. Case D{m,n),m > n+1. The roots are Aq = {±6i±6j}i<i^j< n U{±Si±Sj; ±2Si}i<i^j< 
A T = {±6i ± Sj}\^™. For m = n + 2 set 

n := {£1 — £2, £2 — Si, Si — 63, . . . , S n — £„+2) S n + £ Tt +2}, 
for m > n + 2 set 

IT := {£1 — £2, £2 — Si, Si — £3, . . . , S n — 6 n+ 2, 6 n+ 2 — 6 n+ 3, . . . , £ m _i — 6 m , £ m -i + 6 m }. 

Then II contains S := {e { - Si}f =1 . One has 9 = e x + £ 2 G A*. 

3.2.8. CaseF(A). We choose 

IT := {( £l + £ 2 + £3 + Si)/2; (- £l + £ 2 + £3 - *i)/2; (-£1 - £2 - £3 + <Ji)/2; £1 - £ 2 }. 
In this case S can be any odd simple root; one has 9 = 63 — £2 G A*. 

3.2.9. Case G(3). For G(3) the roots are expressed in terms of linear functions £i,£ 2 ,£3, 
corresponding to G 2 , £1 + £2 + £3 = 0, and Si, corresponding to Ai, we choose II = {Si — 
62,63 — Si, — £3 — £1}. In this case S can be any odd simple root; one has 9 = 63 — 61 G A # . 
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